ABSTRACT In this paper, the containment control was studied for high-order discrete-time multi-agent systems. A distributed algorithm is proposed for all followers to be gathered in the convex area formed by multiple stationary leaders. It is revealed that the algorithm can solve the containment problem with communication delays and switching networks provided that each follower has at least a directed path from some leaders to itself in the union of graphs. The main analysis approaches include model transformation techniques, Lyapunov function, and convexity analysis. Finally, a simulation is also given to show the theoretical result.
I. INTRODUCTION
In recent years, there is a rising interest of containment control by the control community since the publication of [1] . There exist two types of agents in the systems of containment control, that is, leaders (send information but cannot be controlled) and followers (receive information and communication with neighbor followers). The objective of containment control is to design distributed algorithms for followers such that they can go into the convex area formed by the multiple leaders. Recently, a lot of researches have been conducted in this field, e.g., [2] - [9] . There are two main topics among these works: switching topologies [2] - [5] and time delays [6] - [9] . Note that the works [2] - [9] only considered either switching topologies or time delays. Thus, there is a natural attempt to study the situation with switching topologies and time delays simultaneously in containment control.
Related works can be found in consensus field, i.e. [10] - [12] . However, due to the existence of multiple leaders, the system matrix in containment control cannot be converted to stochastic matrix as [10] - [12] did such that the nonnegative matrix theory cannot been applied here to solve the containment problems. However, due to the convexity character of the convex hull formed by the leaders, some techniques such as convexity analysis in distributed optimizaThe associate editor coordinating the review of this manuscript and approving it for publication was Chaoyong Li. tion works [13] - [19] can be used to solve the containment problems with switching network topologies and communication delays.
Inspired by the aforementioned results, our former work [20] , [21] solved the containment problems in first-order and second-order multiagent systems with switching topologies and communication delays simultaneously. However, in real world, the system dynamics are usually more complicated. For example, if accelerations can also be controlled, it becomes a third-order system. Thus, in this work, we extend the results in [20] , [21] to a more general case, that is, highorder multiagent systems. Compared with [9] , the algorithm in this paper for high-order followers only uses the position information of the neighbor followers except their own state information. The theoretical result obtained in this paper shows that containment control can be achieved if each follower has at least a directed path from some leaders to itself in the union of networks and the arbitrarily bounded communication delays will not impact the stability of the systems.
The diagonal elements of A equals zero, i.e., a ii = 0 and a ij > 0 if (i, j) ∈ E and a ij = 0 otherwise. The set of neighbors of node i is denoted by N i = {j ∈ V : (j, i) ∈ E}. A directed path includes a sequence of edges like (i 1 , i 2 ), (i 2 , i 3 ), · · · , where i j ∈ V. The union of the directed graphs G 1 , G 2 , . . . , G m is a directed graph whose edge set equals to the union of the edge set of each G i , i = 1, . . . , m, where G i have the common node set.
III. MODEL AND PROBLEM STATEMENT
Suppose that there is a multi-agent system with n followers and M stationary leaders, denoted by F = {1, 2, ..., n} and R = {n + 1, . . . , n + M } respectively. Denote the positions of the leaders as r n+1 , . . . , r n+M . We use Y to represent the convex area formed by R, i.e. Y = { j∈R α j r j |α j ≥ 0, j∈R α j = 1}. The aim of containment control is to make all followers converge into the convex hull spanned by the leaders, i.e., lim The dynamics of each high-order follower i ∈ F is
where ζ (q) i ∈ R h , q = 0, 1, . . . , l − 1, is the (q + 1)th-order state of the follower i and u i ∈ R h is the input. In the following parts, we let (k) replace (kT ) for the simplicity.
We then propose the following algorithm:
where τ ij ≤ τ max < +∞(i = j) denotes the communication delay from the jth follower to the ith follower and τ max denotes the maximal communication delay. Let
Note that R h is the set of real column vectors of h dimension. In this paper, we just analysis the case of h = 1 for the reason that the general condition can be solved in a similar way. We also assume that ζ
IV. MAIN RESULTS

Let ξ
(3) Then, the system (1) becomes
Clearly, −1 = I l and the first column of is 1, where I l is an identity matrix with l dimension and 1 = [1, . . . , 1] T l×1 . Thus, the row sum of −1 is 0 except the first row sum.
Lemma 2 [15] : Let Y ∈ R h be a nonempty convex set and ζ i ∈ R l be some vectors. a i ≥ 0 and
There exists an infinite sequence 0 = k 0 < k 1 < k 2 , . . . , satisfying k s+1 − k s ≤ λ, ∀s ≥ 0, for a positive integer λ, such that for every follower and every time interval [k s , k s+1 ), s ≥ 0, there exists at least one leader that has a directed path to the follower in the union of the graphs  G(k s ), G(k s + 1) , . . . , G(k s+1 − 1).
Theorem 1:
Based on Assumptions 1-2, using (2), the multi-agent system (1) can achieve containment control.
Proof: First of all, we propose the following Lyapunov function 1, 2, . . . , ln, m = 0, 1, . . . , τ max .
For
Note that for all j ∈ R, ξ (0)
.
, and hence V (k + 1) ≤ V (k). It follows that V (k) is nonincreasing and its limit exits since V (k) ≥ 0 holds for all k ≥ 0. To prove that lim k→+∞ V (k) = 0, we first discuss the following two cases.
Case A: For each follower i ∈ F, if ξ
For θ ∈ [li−l +2, li−1], from (7), we have ξ (8) and Assumption 1,
By similar derivations, we have ξ
By recursively iterations, there exists a 0 < γ 2 < 1 such
Case B: For each follower i 2 ∈ F, if it receives information from i 1 ∈ F ∪ R, i.e., a i 2 i 1 (κ) > 0, and ξ
From (7),
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FIGURE 2. Trajectories of the followers using control algorithm (2).
Then, by l − 2 times iterations, we have ξ
For a fixed time k, we can define a sequence of sets as follows. Let S 0 = R and
The set S +1 − S represents the agents that receive information from those in S at k + π . Under Assumption 1, there exists a finite¯ such that S¯ +1 = F ∪ R. Particularly, we assume π 0 = 0 and pick τ max + 2 < π +1 − π < τ max + 2 + 2λ, hence π¯ <¯ (τ max + 2 + 2λ) is bounded.
For any i ∈ S 0 , one has trivially ξ (0) for some 0 < γ 1,1 < 1. And then by recursively using Case A, one has ξ θ (k
Similarly, for any i ∈ S +1 − S , ≥ 0, by Case B, one has ξ (0)
And hen by recursively using Case A, one has ξ θ (k
Thus, for any i ∈ F ⊂ S¯ +1 , it has the following character, at the time (k + π¯
The proof is thus completed. Then, from (6) and by some calculations, we have b 1 = 8 and b 2 = 6. As shown in Fig. 2 , containment is achieved by using the control algorithm (2) , where the blue triangle area denotes the convex area formed by the three stationary leaders and the others are trajectories of the four followers. Velocities of the followers are shown in Fig. 3 and inputs of the followers are shown in Fig. 4 . Clearly, due to the switching topologies, the velocities and inputs will fluctuate as time goes while the followers will not go out of the convex hull eventually. The simulation results are consistent with Theorem 1.
VI. CONCLUSION
This paper studied the containment problem for high-order discrete-time multi-agent systems. A distributed algorithm is designed for all high-order followers by using the position information of the neighbor followers and their own state information. The network topology in this paper can be arbitrarily switching where each follower has at least a directed path from some leaders to itself in the union of graphs. Communication delays are also considered meanwhile and do not need to be uniform. Finally, a simulation is given to show the theoretical result 
